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Abstract
This paper is concerned with two classes of retarded stochastic diﬀerential equations.
Suﬃcient conditions are derived to guarantee the pth moment exponential stability
and almost sure exponential stability. Moreover, we construct some examples to
demonstrate the theory derived.
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1 Introduction
The theory of retarded stochastic diﬀerential equations (SDEs) has received a great deal of
attention since it is not only academically challenging but also of practical importance, and
it has played an important role in many ways such as in life insurance, risk management,
wireless communication, and optimal control of multiagent systems.
Retarded stochastic diﬀerential equations (SDEs) are such SDEs that involve retarded
arguments. There is extensive literature on the stability of stochastic diﬀerential delay
equations (see, e.g., [–]).
In the past few decades, the theory of neutral stochastic diﬀerential equations has also
received a great deal of attention. Mao et al. [] studied the almost sure asymptotic stabil-
ity of the neutral stochastic diﬀerential delay equations with Markovian switching, while
Bao et al. [] investigated the stability in distribution of neutral stochastic diﬀerential delay
equations with Markovian switching. Wu et al. [] studied the mean square asymptotic
stability of a generalized half-linear neutral stochastic diﬀerential equation with variable
delays applying ﬁxed point theory. Under a non-Lipschitz condition and a weakened lin-
ear growth condition, Bao et al. [] investigated the existence and uniqueness of mild
solutions to stochastic neutral partial functional diﬀerential equations. Milošević [] not
only considered global almost sure asymptotic exponential stability of the equilibrium so-
lution for a class of neutral stochastic diﬀerential equations with time-dependent delay
under nonlinear growth conditions but also established moment estimates for solutions
of equations of this type. Bao et al. [] used a variation-of-constants formula to overcome
the diﬃculties due to the lack of information at the current time and established existence
and uniqueness of stationary distributions for retarded SDEs that need not satisfy dissi-
pative conditions. For more details, we refer to [–].
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Borrowing the idea of Dung [], in this paper our investigation is focused on asymp-
totic behavior of the solution for two classes of retarded SDEs, i.e., semi-linear retarded
SDEs and semi-linear retarded SDEs of neutral type. Suﬃcient conditions are derived to
guarantee the pth moment exponential stability and almost sure exponential stability. So
far there have been few results presented on the exponential asymptotic behavior of solu-
tions of semi-linear retarded stochastic diﬀerential equations. The main aim of this work
is to close this gap.
The remainder of this paper proceeds as follows. Section  provides some basic notation
that will be used in the forthcoming sections and then reviews the variation-of-constants
formula for deterministic linear retarded systems. Section  is devoted to the study of
asymptotic behavior of the solution for semi-linear retarded SDEs and derived suﬃcient
conditions to guarantee the pthmoment exponential stability and almost sure exponential
stability. Section  generalizes the theory established in Section  to semi-linear retarded
SDEs of neutral type.
2 Preliminaries
Let (,P,F ) be a probability space together with a ﬁltration {Ft}t≥ satisfying the
usual conditions (i.e., Ft+ :=
⋂
s>t Fs = Ft , Fs ⊂ Ft for s ≤ t, and F contains all P-null
sets). Let {W (t)}t≥ be a real-valued Brownian motion deﬁned on the stochastic basis
(,P,F , {Ft}t≥). Fix τ ∈ (,∞), which is referred to as the delay. ‖ · ‖var denotes the total
variation. Use μ(·) and ρ(·) to denote the ﬁnite signed measures deﬁned on [–τ , ]. Let
C be the set of all complex numbers and Re(z) stand for the real part of z ∈ C. Through-
out this paper, c >  is used as a generic positive constant whose values may change for
diﬀerent usage.




Y (t + θ )μ(dθ )dt ()
with the initial value Y (t) = ξ (t), t ∈ [–τ , ].
DeﬁneZ(t) as the fundamental solution of equation () with the initial valueZ() =  and
Z(θ ) =  for θ ∈ [–τ , ]. By the variation-of-constants formula (see, e.g., [], Theorem .,
p.), the solution of () has the unique explicit form









Re(λ) : λ ∈C,	(λ) = },
where
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	(λ) =  is called the characteristic equation of equation () (see, e.g., []). Then, ac-




∣ ≤ cαeαt , t ≥ –τ . ()
Before the end of this section, we ﬁrst give the following lemma which will be a crucial
tool for proofs of our main results.
Lemma  ([], Lemma .) Suppose that f ∈ C(R+,R+)∩ L(R+) satisﬁes
∫ ∞

f (t)eγ t dt <∞ for some γ > . ()
If λ >  and λ′ = λ ∧ γ , then
∫ t

e–λ(t–s)f (s)ds < e–λ′t
∫ ∞

f (s)eγ s ds. ()
3 Asymptotic behavior of the solution for retarded SDE driven by a Brownian
motion




X(t + θ )μ(dθ )
)
dt + σ (t)dW (t) ()
with the initial value X(t) = ξ (t), t ∈ [–τ , ].
Theorem  ([], Theorem .) There is a unique strong solution {X(t), t ≥ } of equation
(), and the solution can be represented explicitly by





Z(t + θ – s)ξ (s)dsμ(dθ ) +
∫ t

Z(t – s)σ (s)dW (s), ()
in which {Z(t), t ≥ –τ } is the fundamental solution of equation () with the initial value
Z() =  and Z(θ ) =  for θ ∈ [–τ , ].
The following two theorems provide the pth moment exponential stability and almost
sure exponential stability of the solution of equation ().







∣ ds <∞. ()






∣p ≤ Cpe–κpt , t ≥ . ()
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Proof According to the explicit form (), along with the following inequality, ∀x, y, z > ,
(x + y + z)p ≤ cp
(
xp + yp + zp
)
, ()














Z(t + θ – s)ξ (s)dsμ(dθ ) +
∫ t











































I(t) + I(t) + I(t)
)
.
We shall consider Ii(t), i = , , , respectively. For I(t), by inequality (), it is obvious that
for some α > ,
I(t)≤ cpαe–αpt‖ξ‖p∞. ()







































































































where /p + /q = , ∀p,q ∈ [,∞).
















































∣eγ t ds = ce–λt , ()
where c := cαe–λt
∫ ∞
 |σ (s)|eγ t ds.
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cp e–pλt . ()


















where κ := min(α,λ) and
Cp = cp
(










This completes the proof. 
Theorem  Assume that υ <  and that () is satisﬁed. Then the solution of () is almost








∣ ≤ –β , a.s. ()
Proof Note that for n – ≤ t ≤ n, n≥ , X(t) can be represented as










σ (s)dW (s). ()











































J(t) + J(t) + J(t)
)
. ()
We shall study Ji(t) for i = , , , respectively. For J(t), by inequality (), it is obvious that
J(t)≤ Ce–κ(n–). ()
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For J(t), by the Burkholder-Davis-Gundy inequality (see [], Theorem ., p.), there













∣eλs ds≤ ce–λ(n–), ()
where c := c
∫ ∞
 |σ (s)|eλs ds <∞.














))eκτ e–κ(n–) + ce–λ(n–)
)
≤ ce–λn, ()
































n= e–(λ–λ)n < ∞, by virtue of Borel-Cantelli lemma (see [], Lemma ., p.),
there exists  ⊂  with P() =  such that for any ω ∈  there exists an integer n(ω),




∣ ≤ e–λn ≤ e–λt . ()
The desired conclusion () is satisﬁed with β = λ . 
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Example  Consider the semi-linear retarded SDE
dX(t) = –X(t – )dt + σ (t)dW (t), X(t) = ξ (t). ()
It is easy to see that the corresponding characteristic equation of () is
λ + e–λ = . ()
A simple calculation using Matlab yields that the unique root of () is λ = –. +
.i. Thus, from this condition, together with (), we deduce that the solution of ()
is pth moment exponentially stable and almost surely exponentially stable by Theorem 
and Theorem .
4 Extension to retarded SDE of neutral type
In this section, we proceed to generalize Theorem  and Theorem  to SDEs of neutral
type. To begin, we give an overview of the variation-of-constants formula for linear equa-












Y (t + θ )μ(dθ )
)
dt ()
with the initial value Y (t) = ξ (t), t ∈ [–τ , ].
By ([], Theorem ., p.), equation () has a unique solution {Y (t), t ≥ –τ }. Deﬁne
Z(t) as the fundamental solution of equation () with the initial value Z() =  and Z(θ ) =
 for θ ∈ [–τ , ]. Then, for any ξ ∈ C such that ∫ –τ |ξ ′(θ )| dθ < ∞, Y (t) can be expressed
explicitly by
Y (t; ξ ) = Z(t)ξ () –
∫ 
–τ

























eλθμ(dθ ), λ ∈C.





∣ ≤ cα¯eα¯t , t ≥ –τ . ()
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X(t + θ )μ(dθ )
)
dt + σ (t)dW (t) ()
with the initial value X(t) = ξ (t), t ∈ [–τ , ].
Theorem There is a unique strong solution {X(t), t ≥ } of equation (),and the solution
can be represented explicitly by
X(t) = Z(t)ξ () –
∫ 
–τ











Z(t – s + θ )ξ ′(s)dsρ(dθ ) +
∫ t

Z(t – s)σ (s)dW (s), ()
in which {Z(t), t ≥ –τ } is the fundamental solution of equation () with the initial value
Z() =  and Z(θ ) =  for θ ∈ [–τ , ].
The following two theorems provide the pth moment exponential stability and almost
sure exponential stability of the solutions to ().







∣ ds <∞ for some γ > . ()






∣p ≤ C¯pe–κ¯pt , t ≥ . ()
Proof For ∀ai ∈R, i = , , . . . ,n,
(a + a + · · · + an)p ≤
(|a| + |a| + · · · + |an|
)p








































































K(t) +K(t) +K(t) +K(t) +K(t)
)
. ()
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We shall study Ki(t), i = , . . . , , respectively. Similarly to the proof of Theorem , there












Then we just need to consider K(t) and K(t).
















































































































































∣p ds‖μ‖var(dθ ). ()
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where κ := min(α¯,λ) and
C¯p = p–
(






























This completes the proof. 
Theorem Assume that υ¯ <  and that () is satisﬁed.Then the solution of () is almost








∣ ≤ –β¯ , a.s. ()
Proof Note that for n – ≤ t ≤ n, n≥ , X(t) can be represented as
















X(s + θ )μ(dθ )
)
ds. ()




















































L(t) + L(t) + L(t) + L(t)
)
. ()
We shall study Li(t) for i = , , , , respectively. For L(t), by inequality (), it is obvious
that
L(t)≤ C¯e–κ¯(n–). ()














































































For L(t), by the Burkholder-Davis-Gundy inequality, there exist c >  and λ such that
L(t)≤ ce–λ(n–), ()
where c := c
∫ ∞
 |σ (s)|eλs ds <∞.








































∣ ≤ e–λn ≤ e–λt . ()
The desired conclusion () is satisﬁed with β¯ = λ . 
Example  Consider the linear neutral SDE
d
(
X(t) + X(t – )
)
= –X(t – )dt + a
∫ 
–
X(t + θ )dθ dW (t), X(t) = ξ (t), ()
where a ∈ R and {W (t)}t≥ is a real-valued Brownian motion deﬁned on the probability
space (,P,F , {Ft}t≥).





e–λ = , λ ∈C. ()
A calculation by theMatlab shows that the unique root of () is λ = –.. Thus,
from this condition, together with (), we deduce that the solution of () is pth moment
exponentially stable and almost surely exponentially stable by Theorem  and Theorem .
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Remark  In this paper, for notational simplicity, we only treated asymptotic behavior
of sample paths for two classes of real-valued retarded SDEs without dissipativity. Our
results can be readily generalized to the multidimensional cases. The key is the use of a
multidimensional variation-of-constants formula.
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